
Aristotle's VVheel: Notes on the History 
of a Paradox 

I 

One of the works of the Aristotelian corpus, the brief collection 
known as Mechanica, contains a problem which achieved consider- 
able importance in an earlier day though it is little heard of today 
-the so-called problem of ARISTOTLE'S Wheel. It may be briefly 
stated as follows (Mechanica 24). If two circles (A, A', FIG. I) 

A 

Y~~~~Y 

FIG. I 

of unequal size roll independently upon a tangent, the paths 
they trace out (XY, X'Y'), let us say in one complete revolution, 
are unequal. For they are in each case equal to the circumference. 
But if these circles are rigidly attached to each other about the 
same center (Fig. 2), the paths traced out by both circles, as they 
roll, are equal. If the smaller circle is rolled along its tangent 
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without sliding or slipping (i), the paths traced out in a single 
revolution are, in the case of both circles, equal to the circumference 
of the smaller, whereas if the larger is rolled along its tangent, 
without sliding or slipping, the paths traced out in a single 
revolution are, in the case of both circles, equal to the circumference 
of the larger. In this the author of the Mechanica saw a difficulty 
and sought to find a solution. 
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K 

FIG. 2 

But before we consider his view of the problem and the various 
other views taken by his successors, let us consider what it is 
that, to us, at any rate, is paradoxical. Let us first take the case 
in which it is the larger circle that is rolled without sliding or 
slipping. This will be referred to hereafter as Case I. Now in 
this case the smaller circle clearly traverses a path, along a tangent, 
equal to the path of the larger circle. 

From one point of view there is no difficulty whatever. Since 
the larger circles undergoes a motion of translation, every point 
on it or rigidly attached to it must undergo the same motion of 
translation. If the smaller circle was originally concentric with 
the larger, it must continue to be and cannot fall behind en route. 
To put the matter in another way, we may say that while a point 
(P, FIG. 3a) on the circumference of the larger circle describes a 
cycloid, a point (Q) on the circumference of the smaller (and, in 
fact, any point within the larger circle) describes the curve known 
as a prolate cycloid, the equation of which is easily derived. And 
from a kinematical viewpoint, we may say that any point on the 

(I) By this phrase I mean that it is rolled in such a way that in a single revolution 
it traces a path equal to its circumference. 
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circumference of the smaller circle has a motion which is the 
resultant of (i) a simple rotation of the smaller circle (such as 
would, by itself, cause the point to describe a circle), and (2) a 
translational motion equal in direction and magnitude to the 
translational motion of the larger circle. The resultant path of 
the point is the prolate cycloid (2). It is the magnitude of this 
translational component that makes it possible for the smaller 
circle, while making only as many revolutions as the larger, to 
trace a path equal to that traced by the larger (i). 

(a) 

FIG. 3 

But this, unfortunately, is where the problem begins, not 
where it ends. For though the smaller circle traverses a distance 
equal to that traversed by the larger, it does not keep pace with 
the larger by sliding over the tangent, if by ' sliding' we mean 
that a point on the circumference is at any time in contact with 

(2) In this case the speed of the translational component in the motion of a 
point on the circumference of the smaller circle is to the speed of the rotary com- 
ponent as the diameter of the larger circle is to that of the smaller. 

(3) This statement must be read with the understanding that the analysis of 
a given motion into components is strictly a mathematical device, for the com- 
ponents do not exist in the same sense as the resultant. 
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a finite segment of the tangent (4). For the rotary motion of the 
smaller circle is continuous, as is that of the larger, and conse- 
quently the point of tangency is continuously changing. How it 
is possible for the paths to be equal without compensatory sliding 
in the sense indicated is the nub of the problem. 

A similar analysis may be made in the other case, which we 
shall hereafter refer to as Case II, that in which it is the smaller 
circle that is rolled in such a way as to traverse, in a single 
revolution, a path equal to its circumference. While a point 
(M, FIG. 3b) on the circumference of the smaller circle describes 
a cycloid, any point outside the smaller circle, e.g. a point (N) 
on the circumference of the larger, describes a curve known as 
the oblate or curtate cycloid. With the caveat already noted (n. 3) 
we may consider this the resultant of (i) a circular motion (such 
as would be occasioned by the simple rotation of the larger circle), 
and (2) a translational motion equal in direction and magnitude to 
the translational motion of the smaller circle (5). It is, in a 
manner of speaking, this limitation of magnitude that enables the 
larger circle, while making no fewer revolutions than the smaller, 
to trace a path equal to that traversed by the smaller. But though 
the larger circle traverses, in a single revolution, a path equal 
to that of the smaller (i.e. shorter than its own circumference), 
it does not keep pace with the smaller by slipping on its tangent, 
if by ' slipping ' we mean that a point on the tangent is at any 
time in contact with a finite segment of the larger circle. For 

(4) From the point of view of certain philosophers this begs the question 
(see n. 33, below) and confuses the mathematical and the physical. Again it 
has been held (see p. 195, below) that with another definition of ' sliding ' the 
paradox disappears. It is not my purpose here, however, to do other than indicate 
the type of difficulty from which the investigators have sought escape. 

(5) In this case the speed of the translational component in the motion of a 
point on the circumference of the larger circle is to the speed of the rotary com- 
ponent as the diameter of the smaller circle is to that of the larger. It should be 
noted that theoretically the motion of a point on the smaller circumference in 
Case I and on the larger in Case II may be analyzed into as many components and 
in as many ways as we please. Thus, in each case, instead of considering the 
motion the resultant of a circular and a translational component, we may consider 
it the resultant of a cycloidal and a different translational component, this latter 
component being positive in Case I (i.e. in the same direction as the translational 
motion of the larger circle), and negative in Case II (i.e. opposite in direction 
to that of the translational motion of the smaller circle). 
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here, too, the rotation is continuous and the point of tangency 
continuously changing. And our problem is how it is possible 
for the paths to be equal without compensatory slipping in the 
sense indicated. 

With the problem thus stated it is immediately obvious that 
the paradox involved belongs with those having to do with contin- 
uity and infinite divisibility. Here we are faced with basic 
questions which have engaged the attention of philosophers of 
all ages. 

To revert to Case I, that in which the larger circle traverses, 
in a single revolution, a path equal to its circumference, the 
points on the circumference of the smaller circle are continuously 
in contact with the tangent, yet the path traced in a single 
revolution is larger than the circumference of the smaller circle. 
Those who have sought to understand problems of this type 
on the basis of the Cantorian analysis will view the path of the 
smaller circle (equal to the circumference of the larger) as contain- 
ing an infinite aggregate of points which may be put in one-to-one 
correspondence with (and is, in this sense, similar to) the aggregate 
represented by the points on the circumference of the smaller 
circle (see FIG. 4). Their discussion of our problem would 

FIG. 4 

FIG. 4 

follow the lines of their discussion of the 
Achilles paradox of ZENO (in which the 
points on the path of the tortoise are put in 
one-to-one correspondence with the points in 
the path of ACHILLES, of which it is only a 
part) (6). From this viewpoint the key to 
the problem of the Wheel would lie in a 
precise theory of the continuum and infinite 
aggregates. Those who feel that this 

viewpoint has not added to our understanding of motion and 
has not therefore come to grips with the basic problems raised 
by the Achilles and the other paradoxes of ZENO will be equally 
unsatisfied with this analysis of ARISTOTLE'S Wheel. 

In any case, the ultimate difficulties involved here are to be 

(6) For a discussion of this analysis see B. RUSSELL, Principles of Mathematics 
(2d ed., London, ALLEN and UNWIN, 1937), PP. 347-360, Our Knowledge of the 
External World (2d ed., Chicago, I929), Lectures V-VII, and, by way of criticism, 
W. D. Ross, Aristotle's Physics (Oxford, Clarendon Press, I936), PP. 75, 84. 
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found among those very difficulties which are at the basis of all 
mathematical and physical theory, the analysis of the relation 
between physical and mathematical entities and the analysis of the 
concepts of continuity and discontinuity as applied to space, 
time, matter, motion, and number. 

My discussion thus far may seem quite irrelevant to the main 
purpose of this paper-an historical investigation of the various 
approaches, in various ages, to the problem of ARISTOTLE'S Wheel. 
But perhaps it will aid us in understanding and evaluating these 
approaches. 

There is, at all events, good reason to believe that the real 
difficulty involved is not always grasped. Thus we find the 
authors of an excellent history of ancient science dismissing the 
matter with the words, " le paradoxe apparent tenait 'a ce que lFon 
ne considerait pas les glissements et les entrainements." (7) The 
latest commentator on the passage shows a similar superficiality. 
He writes " It is not easy to be sure whether he <the author of 
the Mechanica> has seen the true solution of this problem, viz: 
in one case <Case II> the circle revolves on HO while the larger 
circle both rolls and slips in ZI." (8) 

II 

So far as I know, the problem is referred to in antiquity only 
in the Mechanica of the Aristotelian corpus and in the Mechanica 
of HERO OF ALEXANDRIA. The former is in all probability the 
earlier occurrence, though the authorship and precise date are 

(7) P. BRUNET and A. MIELI, Histoire des Sciences: Antiquite (Paris, PAYOT, 
1935), P. 495. See also p. I95, below. 

(8) ARISTOTLE, Minor Works, translated by W. S. HETT (Loeb Classical Library 
1936), PP. 394-5. He and ZI are the tangents to the smaller and the larger 
circle, respectively. There is no reference to the problem of continuity in 
MORITZ CANTOR'S discussion of the paradox: " Dieses Paradoxon wusste aller- 
dings ARISTOTELES nicht zu losen, und er hatte darin Nachfolger bis in das 
XVII. S. n. Chr. Erst rationelle Zerlegung der zusammengesetzten Kreis- 
bewegung konnte zur richtigen Erkenntnis fiIhren, dass in der Tat das Walzen einer 
Kurve auf einer Geraden nicht immer die Gleichheit des krummlinigen und des 
geradlinigen Stiuckes zur Folge haben miIsse, die nacheinander zur Deckung 
kommen." Vorlesungen uber Geschichte der Mathematik, vol. 1 (3rd ed., Leipzig, 
TEUBNER, 1907), P. 256. 
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doubtful (9). But the very way in which the author commences 
the discussion, avTopeEZat 8tac &a..., instead of the simple 8&I 1+.. 
which is used for every other problem of the collection, may 
indicate that the problem of the Wheel had been under general 
discussion before the composition of the work. 

That the author appreciates the difficulty involved in the 
problem is clear from his words (855b23-30): " Now since there 
is no stopping of the greater for the smaller so that it (the greater) 
remains for an interval of time at the same point (for in both cases 
<Cases I and II> both are moved continuously), and since the 
smaller does not leap over any point, it is strange that the greater 
traverses a path equal to that of the smaller <Case II>, and again 
that the smaller traverses a path equal to that of the larger <Case I>. 
Furthermore, it is remarkable that, though in each case there is 
only one movement, the center that is moved in one case <Case I> 
rolls a great distance and in the other <Case II> a smaller 
distance." (io) 

But there is no coming to grips with all the difficulties involved. 
The problem is treated merely as an instance of one body moving 
another, in Case I the larger circle moving the smaller, in Case II 
the smaller circle moving the larger. That the circles are concen- 
tric is held to be accidental. That is, if one circle (rolling without 
sliding or slipping) pushes another, even from without, the latter 
moves as far as the former (the Aristotelian theory of ' forced ' 
motion as requiring continual contact between mover and moved 
is assumed). In Case I the smaller circle moves only as far as 
does the body (i.e. the larger circle) that moves it, traversing, 
in one revolution of the larger circle, a path equal to the circum- 
ference of the larger circle; in Case II the larger circle can move 
only as far as does the body (i.e. the smaller circle) that moves it, 
traversing, in one revolution of the smaller circle, a path equal 
to the circumference of the smaller circle. 

While this treatment in a sense meets one aspect of the diffi- 

(9) The work, though probably not by ARISTOTLE, reflects the Peripatetic 
viewpoint and is generally considered to have been written not long after 
ARISTOTLE'S time. 

(Io) The general meaning is clear and the textual questions raised here (e.g. 
by M. HAYDUCK, Emendationes Aristoteleae, Programm, Meldorf, I877, P. x6) 
need not concern us. 
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culty, and, in fact, does so without explicitly resorting to the 
concept of the composition of motions, it does not analyze the 
problem raised by the point-to-point correspondence of the two 
circumferences of unequal length. And yet, the Aristotelian 
analysis of infinite divisibility, as developed e.g. in Physics VI, 
might have been applied. 

We are concerned, in the problem of ARISTOTLE'S Wheel, with 
two matters, (i) the problem of motion, particularly the compo- 
sition of motions, and (2) the point-to-point correspondence of 
paths of different lengths. These matters are, to be sure, only 
apparently independent, for both are, at least from one view- 
point, ultimately bound up with the problems of continuity, 
infinity, and the number system. 

Now the author of the Mechanica was quite familiar with 
elementary cases of the composition of motions. The parallelogram 
of velocities is deduced (848bi3-2I) as a preliminary to the 
theorem that the resultant of two displacements which do not 
maintain a constant proportion during an interval is a curved line 

a proposition used in accounting for the fact that the same force 
applied to a point on a radius displaces that point more swiftly 
in proportion to its distance from the center. And the notion 
of circular motion as the resultant of a ' natural ' and an ' un- 
natural ' motion is set forth (849bI-ig); in fact we have here an 
incipient perception of tangential and normal components, so 
fruitful in a later age. In Mechanica 8 the motion of a carriage 
wheel is viewed as a circular motion with the center correspondingly 
changing its position. 

Interesting in this 
connection is the very 
problem that prece- 
des the so-called pro- 
blem of ARISTOTLE'S 

Wheel, the problem 
of the rhombus (Me- 
chanica 23). If line 
AB (FIG. 5) moves 

A 

B C 

D 
FIG. 5 

uniformly in the direction of CD always keeping parallel to itsel f, 
and at the same time point A moves uniformy toward B reaching 
B when AB reaches CD, point A will describe the diagonal AD. 
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If, however, instead of point A moving toward B, point B moves 
toward A and reaches A as AB reaches CD, the diagonal BC, 
larger than AD, is described. Here the problem is resolved by the 
author on the basis of the composition of motions, in the one 
case the motions reinforcing each other, in the other case opposing 
each other (i i). 

Now from one viewpoint instances such as this, since they 
ultimately involve the point-to-point correspondence of lines of 
unequal length, are only apparently less paradoxical than the 
Wheel. Though the author of the Mechanica does not allude to 
this matter either in the case of the rhombus or in that of the 
Wheel, it may be asked whether the collocation of these problems 
is accidental and whether they were not, in fact, both taken from 
a collection of problems illustrative of the paradoxes of the infinite 
and the infinitesimal, paradoxes that underlie all motion (1 2). 

In his treatment of the problem of ARISTOTLE'S Wheel HERO OF 

ALEXANDRIA (Mechanica I, 7) (13) is no more concerned with this 

(ii) This proposition is interesting in that, along with the others just cited 
from the Mechanica, it reveals a kinematical approach that is not found in the 
unquestionably authentic works of the Aristotelian corpus. Thus in the Physics 
the idea of motion as something absolute is always present, and a sharp distinction 
is drawn between locomotion proper and the accidental motion, e.g. of a man 
sitting in a moving boat (see VI, io). 

(I2) These basic difficulties did not prevent progress in the mathematical 
treatment of compound motions. While the extant works of ARCHIMEDES contain 
no reference to the problem of the Wheel, the notion of the composition of two 
motions is applied, e.g. in the definition of the spiral in terms of a point moving 
along a pivoting line. It might be recalled, incidentally, that the great problem 
which had exercised Greek mathematicians from the time of PLATO and EUDOXUS 
was a problem in the resolution of motion into components-the problem of 
analyzing the apparent motion of the heavenly bodies into a series of component 
motions. The system of concentric spheres, of epicycles and eccentrics, the 
Copernican, Keplerian, and subsequent astronomical systems are solutions to 
this problem either on a purely kinematical basis or on the basis of dynamical 
postulates. 

(13) The treatise, in three books, is extant in an Arabic version, though a few 
parts are also available, through quotations by PAPPUS, in Greek. The date of 
HERO is very uncertain. The various views are set forth in K. TITTEL'S article, 
Heron (no. 5) in PAULY-WISSOWA-KROLL, Real-Encyclopadie, especially columns 
996-iooo. Recently additional evidence for a date in the first century after Christ 
was set forth by 0. NEUGEBAUER (" Uber eine Methode zur Distanzbestim- 
mung Alexandria-Rom bei HERON," Kgl. Danske Videnskabernes Selskab, Hist.-fil. 
Medd. XXVI, 2. Copenhagen, 1938). 
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phase of the matter than is the author of the Aristotelian Mechanica. 
On the other hand, the fact that the smaller circle traverses a 
path equal to that traversed by the larger circle (Case I) is 
specifically ascribed by HERO to the combined effect of two 
motions (14), very much in the way in which the author of the 
Mechanica discussed the problem of the rhombus. At the same 
time HERO also makes use of the type of explanation found in the 
Aristotelian Mechanica-that in Case I the larger circle moves the 
smaller, and in Case II the smaller moves the larger, and that the 
precise position and even the revolution of the moved circle are 
irrelevant. With reference to Case I, HERO says that if the smaller 
circle does not revolve but keeps the same point always in contact 
with its tangent, while the larger circle revolves, the smaller circle 
will traverse, on its tangent, a path equal to that traversed by the 
larger, as will also the center, which does not partake of any rotary 
motion. It may be noted that the author of the Aristotelian 
Mechanica and HERO both discuss the elementary case of the 
composition of two motions in the parallelogram of velocities 
(in the case of HERO this discussion immediately follows the 
problem of the Wheel), but only HERO applies the abstract notion 
of the composition of two motions to the problem of the Wheel (I 5). 

(14) I should point out, however, for the sake of those who have to rely on 
translation in the case of Arabic, that there is a serious ambiguity in the French 
version of CARRA DE VAUX (" Les Mecaniques de HtRON d'Alexandrie," J7ournal 
Asiatique N. S. I [i893], p. 469). In speaking of Case I he says: " le petit cercle 
roulera en glissant sur la ligne yy'." There is, I am told, nothing in the Arabic 
to indicate that the small circle slides in the sense that any point of its circumference 
is in contact with a finite segment of the tangent. Though the use of glisser 
does not, perhaps, necessarily imply this, the possibility of its being so interpreted 
-and this is vital to the whole problem-leads me to refer to the matter here. 
The translation of L. Nix (Heronis Alexandrini Opera, II. I [Leipzig, TEUBNER, 
i900], p. i6) uses ' durchlaufen ' and avoids any implication of a slide in the 
sense indicated. 

(I5) It may also be noted that in HERO the problem of the Wheel is discussed 
in a separate chapter of Book I along with more general considerations on the 
subject of motion, and not in the chapter (II, 34) in which seventeen questions, 
many of them the very same as those in the Aristotelian Mechanica, are propounded 
and answered. 
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III 

In the centuries that followed, the problem of the Wheel was, 
in all probability, widely discussed. But to judge from the 
editions, paraphrases, and commentaries of the Aristotelian 
Mechanica, a long list of which appeared in the sixteenth and early 
part of the seventeenth century, if any new and fruitful approaches 
to the problem were attempted they did not attain widespread 
currency. For with few exceptions the work of the commentators 
prior to GALILEO adds little to what the author of the Mechanica 
has given us. 

JEROME CARDAN (150I-I576), the celebrated Italian scientist 
and mathematician, did, to be sure, take issue with the author of 
the Mechanica. In his Opus Novum de Proportionibus, prop. i96 
(vol. IV, pp. 575-6 of CARDAN'S collected works published in i663), 
CARDAN objects to the use of a physical postulate-that in each 
case one circle moves the other-in a problem which he considers 
wholly mathematical. But in his mathematical treatment he does 
little more than indicate the elements of retrogression and pro- 
gression in the paths of points on the circles (i6). The difficulty 
involved in the point-to-point correspondence of paths of different 
lengths is appreciated (see p. 576, col. 2, at top) but not pursued. 

Of more interest in this connection is the application to the 
problem of the Wheel of new ideas that were arising in the flood 
tide of scientific activity that ushered in the seventeenth century. 
The old problems of the constitution of matter and of the pos- 
sibility of a vacuum, and the problem of condensation and rare- 
faction were attacked from new viewpoints as a result of experi- 
mental work in pneumatics. In the discussions on these subjects 
the Wheel was often used, as we shall see, for purposes of analogy. 
Again, mathematicians were gradually evolving (and, in some 
cases, rediscovering) methods of using ' indivisibles ' and ' in- 
finitesimals ' and with these methods were investigating new 
curves, among them the cycloid. In this development, too, the 
problem of ARISTOTLE'S Wheel played a part. 

(i6) But see M. CANTOR, Vorlesungen uber Geschichte der MVathematik, vol. II 
(2nd ed., Leipzig, TEUBNER, 1900), P. 535. 
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Especially important both because of his interest in the Wheel 
and his close relationship to the great scientists of the time is 
Pere MERSENNE (0588-i648). The first reference to the Wheel 
in MERSENNE'S published work is in his Quaestiones Celeberrimae 
in Genesim (Paris, i623). There he tells us (column 69; cf. 66i, 
869) that some have sought an analogy between the action of the 
concentric circles and the processes of rarefaction and condensation. 
The path of the smaller circle in Case I would, in this view, be 
an expansion of its circumference, the path of the larger in Case II 
a contraction of its circumference. We shall see that others too, 
among them GALILEO, drew similar comparisons. 

But MERSENNE was far from considering this an explanation of 
the Wheel. He writes (column 69): " Indeed I have never been 
able to discover, and I do not think any one else has been able 
to discover whether the smaller circle <in Case I> touches the same 
point twice, or proceeds by leaps or sliding." And again, after 
citing the commentaries of BIANCANI and BALDI (17), he writes (70): 
"' But the difficulty remains, how the smaller circle <Case I> 
successively touches all the parts and all the points of a line which 
is equal to that over which the larger circle moves." 

In his Mechanica, published originally in i626, though MER- 
SENNE again speaks of the analogy of condensation and rarefaction, 
he stresses the Aristotelian notion that one circle in each case 
moves the other (i8). 

A completely different view is taken by MERSENNE in the Preface 
to his translation of GALILEO's early work on Mechanics (i9). 

MERSENNE rejects any explanation on the basis of rarefaction and 
condensation and appeals to experience to indicate that the ex- 
planation, e.g., of Case I, lies in a ' sliding' of the smaller circle. 
He writes: 

" Or il faut advouer que la negligence des hommes est etrange, 

(I7) JOSEPHus BLANCANUS, Aristotelis loca mathematica, Bononiae, I6I5, 
pp. i88-i 90, and BERNARDINO BALDI, In Mechanica Aristotelis Problemata, 
Moguntiae, I6I2, PP. I46-I50, substantially repeat the explanation given by the 
author of the Aristotelian Mechanica. 

(i8) So in the edition of I644, Mechanica II, Propositions X-XII. I have 
not seen the edition of I626. See M. MERSENNE, Correspondance, ed. by C. DE 
WAARD, VOl. 1, P. 183 (Paris, I932). 

(I9) Les Mechaniques de Galilee mathematicien, traduites de l'Italien par L<e> 
P<ere> M<ARIN> M<ERSENNE>, Paris, I634. 
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qui se trompent si souvent pour ne vouloir pas faire la moindre 
experience du monde & qui se travaillent en vain 'a la recherche 
des raisons d'une chose qui n'est point, comme il arrive en celle cy, 
car le petit cercle ne meut iamais le grad que plusieurs parties 
du grand ne touchent une mesme partie du plan, dont chaque partie 
est touchee par cent parties differentes du grand cercle quand il est 
cent fois plus grand que l'autre. Et lors que le petit est meu par 
le grand, une mesme partie du petit, touche cent parties du grand, 
comme l'experience fera voir 'a tous ceux qui la feront en assez 
grand volume." 

This explanation on the basis of a type of sliding whenever 
circumference and base line are of unequal length is very similar 
to that which had been given by GIOVANNI DI GUEVARA seven years 
before (see p. 178, below) (20), and underlies the various explana- 
tions on the basis of ' indivisibles ' and ' infinitesimals ' that were 
forthcoming from this time on. 

MERSENNE adheres to the same type of explanation in his 
commentary on GALILEO'S Two New Sciences. GALILEO'S work, 
published in i 638, contains, as we shall see, a very elaborate 
discussion of the paradox of the Wheel. Now MERSENNE seems 
to have examined the manuscript or proof sheets of this work 
some time before its publication (2I), and to have conducted 
considerable correspondence about it with various scientists. 
To this we shall refer later. MERSENNE'S Commentary entitled 
Les Nouvelles Pensees de Galilei mathematicien & ingenieur du duc 
de Florence (Paris, I639) includes a brief account of GALILEO'S 
treatment of the problem of the Wheel. Seeking, in opposition 
to GALILEO, to uphold the explanation of ' sliding,' MERSENNE 

strangely ascribes this explanation to ARISTOTLE. He writes 
(pp. i 8- I 9) : 

"II faut remarquer que le raisonnement d'ARISTOTE demeure 
encore touchant les deux cercles, a sqavoir que le mouvement du 
moindre porte par le plus grand <i.e. Case I> est tellement traine 

(20) C. DE WAARD makes conjectures about the possibility of personal dis- 
cussions between GUEVARA and MERSENNE, but the evidence is scanty. See 
M. MERSENNE, Correspondance, vol. I, p. 249, vol. II, p. 598. 

(2I) See e.g. MAGIOTTI's letters of April and May, i637 to GALILEO and 
MICHELINI (GALILEO GALILEI, Opere, Ed. Naz., vol. XVII, pp. 63, 64, 8o). The 
Dialogues were already in the press late in i636 (see e.g. vol. XVI, pp. 523-524). 
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sur son plan, que chacun de ses poincts touche plusieurs parties..." 
We shall see that GALILEO tried to explain the point-to-point 

correspondence of lines of unequal length by a consideration 
of the nature of the continuum and the infinite aggregate of 
points contained therein. He did not quite arrive at the view 
of continuity that was achieved later, a view which makes it 
possible for us to think of a line not as consisting of an infinite 
aggregate of consecutive points, but as containing an infinitude 
of possible points between any two determinate points thereon, 
however close. Now in GALILEO'S explanation the infinite set 
of points on the tangent to the smaller circle (Case I) seems less 
I compact' than that on the tangent to the larger circle. 
It is this that MERSENNE criticises when he writes (p. 3 I) : "... Si 
le moindre cercle <Case I> saute tousiours un poinct de sa ligne 
sans le toucher, il s'ensuit qu'elle n'est pas continue, & partant 
qu'elle n'est pas ligne." 

An account of MERSENNE's activity in connection with the 
problem of the Wheel could not be complete without some reference 
to the discovery of the cycloid and its properties. It is beyond 
the scope of this paper to investigate the thorny historical problems 
of these discoveries. I shall try merely to indicate the part 
played by the problem of the Wheel in this story. 

At the opening of PASCAL'S Histoire de la Roulette we read 
"Le feu P. MERSENNE Minime, fut le premier que la <i.e. la 
Roulette> remarqua environs l'an i6I5, en considerant le roulement 
des roues; ce fut pourquoy il l'appela La Roulette." (22) The 
kernel of truth in this statement seems merely to be that about 
I6I5, while teaching at Nevers, MERSENNE concerned himself with 
the problem of the Wheel. But neither was he the first to do this, 
nor the first to notice the curve traced by a point on the circum- 
ference of a rolling wheel. Again, of those who sought to describe 
the precise form of the curve neither did MERSENNE succeed 
nor did his predecessors in the quest, among them NICOLAS OF 

CUSA and GALILEO. 

From a letter of ROBERVAL to TORRICELLI it appears that MER- 
SENNE had sought in I 628 to interest ROBERVAL, who was then 

(22) (Euvres de Pascal, vol. VIII, p. I95 (ed. by L. BRUNSCHVICG, P. BouTRoux, 
and F. GAZIER, Paris, I914). This work, dated October io, i658, is untrust- 
worthy as a historical document. 
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twenty-six years old, in the problem of the Wheel and the curve 
described by a point on the circumference of a rolling wheel, and 
that ROBERVAL at the time considered the problem beyond his 
powers and did not think of it again until six years later (23). 

During these years, however, ROBERVAL was at work on a method 
of infinitesimals-in all probability independently of CAVALIERI 

who published his Geometria, based on indivisibles, in I635. 
When MERSENNE in i633 or i634 again asked ROBERVAL to consider 
the curve which we call the cycloid, ROBERVAL was able, with the 
aid of his new method, to find the exact form of the curve (including 
the prolate and curtate varieties) and certain of its properties. 
Precisely when these discoveries were made is doubtful, but the 
tone of ROBERVAL'S letter of January 6, i637 to MERSENNE seems 
to indicate that the discovery had just been made (24). 

With the details of ROBERVAL'S solution we are not concerned. 
What is interesting for our purpose is that he believed he had 
solved the difficulty of ARISTOTLE'S Wheel merely by showing, 
on the basis of the speed of the translational and rotary com- 
ponents in each case, that the two circles do traverse equal paths 
on the base line. But this had been done just as clearly by GUE- 
VARA in i627, as we shall see, and really does not attack the paradox- 
ical elements in the problem. 

ROBERVAL is so impressed with his solution that he proclaims 
in Latin, though the rest of the letter is practically all in 
French: 

" Let ARISTOTLE and his commentators therefore cease to wonder, 
for we have proved by the clearest demonstration the truth of 

(23) See Opere di Evangelista Torricelli (Firenze, 1919), vol. III, p. 488. That 
MERSENNE discussed the problem of the Wheel with many contemporary scientists 
is abundantly clear from the sources. Writing of the period preceding the 
discovery of the cycloid and its properties PASCAL says (op. cit., p. 196): " il 
<i.e. MERSENNE> proposa donc la recherche de la nature de cette ligne a tous ceux 
de 1'Europe qu'il en creut capables, et entr'autres a GALILEE. Mais aucun n'y 
put reiissir, et tous en desespererent." 

(24) See CORNELIS DE WAARD, " Une Lettre Inedite de ROBERVAL du 6 Janvier 
i637 contenant le premier 6nonc6 de la cycloide," Bulletin des Sciences Mathe- 
matiques, 2e Ser. XLV (1921), pp. 2o6-2I6, 220-230. The chronology differs 
from that set forth in ROBERVAL'S famous letter of I647 to TORRICELLI (see Opere 
di Evangelista Torricelli, vol. III, P. 490). DE WAARD points out that MERSENNE 
in editions of his works as late as I636 declares the curve may be a semi-ellipse. 
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the famous twenty-fifth proposition, and have shown that it is 
completely consonant with natural motion." 

The letter ends with a description of a method of constructing 
by points cycloids of all kinds. 

The story of ROBERVAL's discovery of the quadrature of the 
cycloid, the reason for its suppression, the challenge to DESCARTES 
and FERMAT, the discovery of the method of constructing a tangent 
to the cycloid, and the discovery of other properties of the curve 
and of solids generated by its revolution do not concern us here, 
except in so far as they are, in a sense, a development of what 
was originally a consideration of the problem of the Wheel. 

It may be added that one of our chief sources for the historical 
details of the scientific developments that crowd this period 
is the correspondence of such men as MERSENNE, DESCARTES, 
FERMAT, GALILEO, and TORRICELLI. The completion of the 
publication of MEPSENNE'S correspondence will doubtless throw 
more light on many of these questions, and perhaps also on that 
of the Wheel. 

The commentary by GIOVANNI DI GUEVARA (25) has already 
been referred to. GUEVARA's work is of interest not only because 
of his relation to GALILEO and, perhaps, MERSENNE, but also 
because of his anticipation of later attempts to deal with the 
problem of the Wheel. In his letter of November I5, i627 to 
GALILEO (see p. i8o, below) GUEVARA indicates the paucity of 
new ideas on the subject " Now I beg of you to favor me with 
some word about the matter we discussed last year in Florence, 
the twenty-fourth mechanical problem of ARISTOTLE. Let me 
know if there is any author who seeks to refute ARISTOTLE's 
solution, and on the basis of what reasoning, for the few I have 
seen do not criticise him..." 

After setting forth the Aristotelian analysis at considerable 
length (pp. 207-213), GUEVARA goes on in his commentary to 
emphasize the composite character-rotary and translational- 
of the motion of the circles. But though his discussion only leads 
him back (p. 2i6) to the Aristotelian notion of one circle (the 
larger in Case I and the smaller in Case II) moving the other, 

(25) IOANNIS DE GUEVARA... in Aristotelis Mechanicas commentarii. Apud 
1. MASCARDUM, Romae, I627. It seems doubtful that the work appeared in i627. 
See n. 29, below. 

12 
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he does anticipate the views of later commentators (p. I74, above, 
p. i84, below) in showing (p. 2I7) that for each circle the ratio 
of the speeds of the rotary and translational motions is equal to 
the ratio of the circumference of the circle to the path it traverses 
on its base line in a single revolution. 

He seems to feel, however, that this does not attack the problem 
of continuity that is involved, and seeks therefore to distinguish 
two types of tangency, that in which the ' parts ' of the circle 
are equal to the ' parts ' of the tangent, and that in which they 
are not. It may be that the notion of mathematical infinitesimals 
and indivisibles that was developing at the time influenced him. 
At any rate, in his analysis GUEVARA anticipates the views of 
MAIRAN and others who, as we shall see, based their conclusions 
on the existence of a type of infinitesimal element. 

GUEVARA writes (p. 217) " Both the deferent circle and the 
circle it moves touch successively all the individual divisible 
parts of the line of the plane with an equal number of their own 
parts, but with this difference, that when the deferent circle 
touches them, the parts in contact are equal each to each, whereas 
when the moved circle touches them, the corresponding parts 
are unequal. For the equal contact (contactus adaequatus et 
commensuratus) of two quantities depends on the exact fitting 
together of equal parts of both so that they may coexist in the 
same place. But there cannot be this exact fitting together when 
the-paths are unequal, for this inequality of the paths is also present 
at the places of contact..." 

And again (p. 219): " We must therefore understand the matter 
in this way. When the smaller circle revolves in accordance with 
the motion of the larger Ki.e. Case I>, a smaller part of the smaller 
circle always is in contact with a larger part of the plane, for the 
smaller circle traverses the plane in its rectilinear motion more 
swiftly than it can rotate through an equal arc of its own circum- 
ference and make a contact with the plane corresponding with 
that arc. Thus what the arc lacks in extension is made up by 
its swifter progression, and so by reason of its translational motion 
it may make contact with a portion of the plane greater <than 
itself>..." (26) 

(26) The meaning seems to be that, since the translational motion of the smaller 
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A corresponding analysis of Case II then follows. But neither 
the precise meaning of the ' parts,' nor the type of infinitesimal 
envisaged, nor the connection with the problem of continuity 
is set forth with clarity. 

The rest of GUEVARA's discussion (pp. 220-224) deals with 
certain geometrical features of cycloidal motion (27) growing out 
of the problem of the Wheel. 

IV 

We come now to GALILEO in whose Dialogues on Two New 
Sciences, published in i638, we find a clear statement of the aspect 
of the problem which is most paradoxical-the one-to-one cor- 
respondence of two infinite aggregates of points as represented 
by lines of unequal length-and an attempted solution which in 
some respects strikingly anticipates that of a certain modern 
school. 

GALILEO' s interest in this problem is indicated in SALVIATI 'S 

remarks introducing it " Well, now that we have touched upon 
paradoxes, let us see if in some way we can prove that it is possible 
to find an infinite number of vacua in a finite extension. At 
the same time, even if we accomplish nothing else, we shall at 
least arrive at a solution of the most remarkable of those wonderful 
problems which ARISTOTLE himself propounds, the Mechanical 
Questions. Perhaps our solution may prove no less clear and 
conclusive than that which he himself arrives at, and also quite 
different from that which the most learned Monsignor di GUEVARA 

sets forth with such acumen." (28) 

circle in Case I is swifter than the rotational, each portion of the circle must be 
in contact with a larger portion of the base line. 

(27) E.g. that corresponding points on the two circles (i.e. points lying on the 
same radius) do not, in general,-the exceptions are indicated-move the same 
distance to the right in a rotation, say of goo, towards the right along the tangent 
to the larger or along the tangent to the smaller circle. GUEVARA shows clearly 
that while the velocity of the translational component is constant for all points, 
the velocity of the angular component is proportional to the distance of the point 
from the center of rotation, whence the observed effect. This is often emphasized 
in discussions of the paradox. See e.g. pp. i89, I92. 

(28) Galileo Galilei Opere (Edizione Nazionale), VIII, p. 68. Subsequent 
references to the works of GALILEO will be cited in this edition. 
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The extant correspondence between GUEVARA and GALILEO is 
interesting in this connection. GALILEO seems to have discussed 
the problem of ARISTOTLE'S Wheel with GUEVARA in Florence in 
i626 (see p. I77, above), and to have indicated the possibility 
of a new type of solution. GUEVARA, whose commentary on the 
Mechanica went to press about the middle of i627 (29), writes 
GALILEO on November I 5, I 627 (Letter no. I839, XIII, pp. 377- 
378) asking that he send him his views on the problem. " For," 
writes GUEVARA, " at the time <of our previous discussion>, 
because of many distractions and the fact that I was out of touch 
with these studies, I did not form as complete an idea as I should 
have of what you told me cursorily. Consequently my memory 
of the discussion is incomplete..." 

GALILEO replied to this letter, for GUEVARA writes again on 
January 24, i628 (Letter no. i85I, XIII, pp. 389-390) to thank 
GALILEO for his answer. He says that he has enjoyed GALILEO'S 

discussion of the problem and is awaiting the additional material 
on the same subject that GALILEO seems to have promised. As a 
postscript GUEVARA writes: " I beg of you to favor me as soon as 
possible with some word on this point in particular, how a smaller 
line can have a ratio to a larger one, despite the fact that both 
consist of infinite points. For the ratio depends on the divisible 
parts. " 

To this urgent request GALILEO seems to have made no reply. 
Had he decided to reserve the details of his solution for his own 
work ? GUEVARA refers to the lack of a reply in a letter to GALILEO 

dated Rome, March 2, i629 (Letter no. I935, XIV, p. 23). He 
speaks of the publication of the commentary on the Mechanica 
which had been held in the press apparently in the expectation that 
further word from GALILEO might make possible an improvement 
in the commentary on chapter 24. With the letter GUEVARA 

sends GALILEO a copy of the book with a request for a critical 
opinion on it. 

This letter, too, went unacknowledged, as we see from GUEVARA'S 

letter to GALILEO dated Rome, April 20, I629 (Letter no. I945, 
XIV, pp. 34-35). The writer still seeks more light on the problem 

(29) Letter no. 1831, GuEvAmu to GALILEO, July I7, I627, XIII, p. 369. Delay 
in the cutting of the diagrams held up publication. There was more delay later 
(see Letter no. 1935, XIV, p. 23). 
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of the Wheel. GUEVARA sends another copy of his commentary 
to GALILEO on September 2, I629 with a renewed request for 
criticism which might be used in the preparation of a new edi- 
tion (30). 

The occasion for the discussion of the problem of the Wheel 
in GALILEO'S Dialogues was no less important a question than 
the ultimate constitution of matter. The interlocutors are led to 
this discussion by considerations on the resistance of various 
materials. And the precise point at issue is the possibility of 
explaining the cohesion of solids on the basis of minute vacua 
between the particles of matter. Now on the assumption that 
matter is infinitely divisible, not merely potentially but actually, 
and that every solid body contains an infinite number of atoms in 
this sense, the question is raised by SALVIATI-the interlocutor who 
reflects GALILEO'S own views-whether an infinite number of 
vacua may exist within a finite extension. The problem of the 
Wheel is taken up at this point since it furnishes an analogous 
situation in the field of mathematics. 

SALVIATI begins not with concentric circles but with concentric 
regular polygons, considering at the outset rigidly connected 
concentric regular hexagons. As the larger is rotated along the 
base line-a case analogous to Case I of the circles-it traces out, 
in one complete revolution, a path AS equal to its perimeter 
(I reproduce GALILEO'S diagram, FIG. 6). The path of the smaller 
hexagon is HI, OP, YZ, etc., interrupted by IO, PY, etc., which 
latter represent the intervals when the perimeter of the smaller 
hexagon is not in contact with its base line. The arcs at 10, PY, etc. 
indicate the path of I, etc., as IK moves into the position of OP 
(while BC moves into the position of BQ), etc. The center G 
touches line GV at six points only. If we include the five so- 
called ' empty ' stretches, the path of the smaller hexagon, in 
one complete rotation, is HT, which is almost equal to AS, 
the path of the larger hexagon. In general, in the case of regular 
concentric polygons of n sides, as the larger polygon traces, in one 
complete revolution, a path equal to its perimeter (cf. Case I 
of the circles), the smaller one will trace a broken path consisting 
of n lines each equal to the length of the side of the smaller polygon, 

(30) Letter no. 1956, XIV, p. 44. 
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with (n - i) empty spaces, one between each successive pair of 
such lines (3I). 

As n is increased-SALVIATI speaks of polygons of I000 sides, 
then of ioo,ooo sides-the two paths approach absolute equality 
if we include the ' empty ' stretches, which become shorter as 
they grow more numerous. Again, the center touches a line 
parallel to the base at an increasingly large number of points. 

But in the case of the circles, as the larger circle (in Case I) 
makes a complete revolution and traverses a path equal to its 
circumference, the center passes continuously over AD (FIG. 6), 

i = ~~~~~~P 

D 

M~~~~~~~~~~~~ 

A D 

B 
FIG. 6 

and the circumference of the smaller circle is always in contact 
with CE (this is not the case with the smaller polygons). " Now," 
asks SALVIATI, " how can the smaller circle traverse a line so much 
greater than its circumference without leaps? " (32) SAGREDO 
in reply suggests that, just as the center is always in contact with 
AD and. in that sense ' slides ' over it, so the points on the circum- 
ference of the smaller circle slide over CE in the sense that 

(31) The geometrical demonstration for an n-gon is given by POSELGER, " Ueber 
ARISTOTELES Mechanische Probleme," Abhandlungen der mathematischen KMasse 
der Kdniglichen Akademie der Wissenschaften zu Berlin, I829, pp. 72-73 (published 
in I 832). 

(32) VIII, p. 70. 
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they are in contact with some small finite segments thereof. 
SALVIATI, however, declares that this is impossible for two rea- 

sons: (i) there is no reason why one point rather than another 
should slide, so that if there is any sliding each of the infinite 
number of points would be in contact with a finite segment of CE, 
which would require that CE be infinite; (2) since the larger circle 
rotates continuously-i.e. no point of the circumference touches 
BF at more than one point-the smaller circle, which is rigidly 
attached to the larger, must also rotate continuously, and no 
point of its circumference can be in contact with CE at more 
than one point (33). 

The solution, SALVIATI points out, is to consider the circles 
as polygons with an infinite number of sides (an actual, not a 
potential infinite) (34 " The line traversed by the infinite 
number of continuously distributed sides of the large circle is 
equalled by the line traversed by the infinite number of sides 
of the smaller, but, in the latter case, with the interspersing of as 
many vacua between the sides. And just as the sides are not 
finite in number but infinite, so the interspersed vacua are not 
finite but infinite. That is to say, the infinite number of points 

(33) GALILEO, of course, is discussing the question from a purely mathematical 
viewpoint, not with reference to what occurs in the case of gross matter. Actually 
a wheel touches the ground at more than one point, and depends on friction 
for its forward motion. These considerations do not enter into a kinematic 
discussion of our problem, though the analysis of the relation between the 
mathematical and the physical must enter fundamentally into any significant 
general treatment of these questions. 

Certain empiricists of every age have felt that the paradoxes of motion and of 
infinite aggregates, in general, arise from what they consider to be the unreality 
and essential falsity of the mathematical approach. There is no doubt-despite 
the absence of actual sources-that such a view was taken, in some quarters, 
of the problem of the Wheel. 

It is, it seems to me, impossible to evade the difficulties by pointing out that 
the precise situation described in the paradoxical formulation is not present in 
the macroscopic world. This merely shifts the problem to the microscopic 
world where the difficulties are no less real. 

(34) "SALVIATI: Now, if the bending of a line at angles so as to form a square 
or an octagon or a polygon of 40, ioo, or iooo angles involves a change sufficient 
to reduce to actuality the 4, 8, 40, ioo, or iooo parts that previously, according 
to your dictum, existed in the straight line only potentially, shall I not be able, 
with equal right, to say that, when I form a polygon of an infinite number of sides 
out of the straight line by bending it into the circumference of a circle, I have 
reduced to actuality those infinite parts which you previously held, while the 
line was straight, to be contained in it only potentially? " (VIII, p. 92). 
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on the line traversed by the larger circle are all occupied <i.e. 
they have, in the course of the revolution of that circle, been 
occupied by a ' side ' of the circle>, but on that traversed by the 
smaller circle are partly occupied and partly empty." (VIII, 71.) 
A more precise, notion of continuity was necessary to avoid 
GALILEO'S difficulty here. This difficulty was pointed out by 
MERSENNE (see p. I75, above). Whether the formulation made 
by the Cantorian school succeeds is not a matter of general agree- 
ment. 

It is on the basis of the analogy of the Wheel that GALILEO 
arrives at his view of solids as composed of an infinite, not a 
finite, number of atoms separated by an infinite number of empty 
spaces. Only on this assumption does he think that the expansion 
of solids may be explained. Similarly, it is in a consideration 
of Case II of our problem-in which the larger circle in a single 
revolution traces a path equal only to the circumference of the 
smaller circle-that GALILEO finds the theoretic basis for the 
condensation of solids. We have already noted instances where 
the analogy of the Wheel was invoked in the explanation of ex- 
pansion and condensation. 

Now Case II is also approached by GALILEO in the first instance 
through the case of concentric regular polygons. He uses hexagons 

C 

,&~~~~~~~~, 
A b B C 

FIG. 7 

(VIII, 94), as in Case I, 
and shows (FIG. 7) that as 
IK moves into the posi- 
tion of IM, BC moves into 
the position of bc, over- 
lapping the position (AB) 
of that side of the larger 
polygon which previously 
rested on the base line. 
The amount of the over- 
lapping is bB. In one 
complete revolution, as 

the smaller polygon traces a path equal to its perimeter, the larger 
traces a path equal to its own perimeter minus five (i.e. one less 
than the number of sides) times bB, where bB is the excess of the 
side of the larger over that of the smaller polygon. In the case 
of polygons of any number of sides, the retrogression in the 

This content downloaded from 139.184.014.150 on July 10, 2018 15:53:30 PM
All use subject to University of Chicago Press Terms and Conditions (http://www.journals.uchicago.edu/t-and-c).



ARISTOTLE S WHEEL: NOTES ON THE HISTORY OF A PARADOX i85 

motion of the larger polygon, while a corner of the smaller polygon 
is acting as a pivot and a new side is being brought in contact 
with the base line, is equal to the excess of the side of the larger 
over that of the smaller polygon, the net advance being equal 
to the side of the smaller polygon (35). Passing to the case of 
circles which he considers polygons of infinite number of sides 
-committing from one point of view a petitio principii-GALILEO 
makes SALVIATI say: " In short, the infinite number of indivisible 
sides of the larger circle, with the infinite number of their indivisible 
retrogressions made in the infinite number of instantaneous delays 
of the infinite number of the ends of the infinite number of sides 
of the smaller circle, along with the infinite number of their 
advances equal to the infinite number of sides of the smaller circle, 
all these go to make up and trace a line equal to that described by 
the smaller circle, containing in itself an infinite number of infinitely 
small overlappings which produce a contraction and condensation 
without any penetration of finite parts. This cannot take place 
on a line divided into a finite number of parts, e.g. the perimeter 
of a polygon, which, if extended into a straight line, cannot be 
reduced to a lesser length unless the sides overlap and penetrate 
one another. This contraction of an infinite number of infinitely 
small parts, without the penetration of finite parts, and the ex- 
pansion discussed above <Case I, see p. 183, above> of the infinite 
number of indivisible parts by the interposition of indivisible 
vacua-this, I believe, is the most that we can say of the contraction 
and expansion of bodies without having to resort to the notion 
of the interpenetration of bodies and the notion of vacua of finite 
size." (VIII, pp. 95-96.) 

We are not in the present paper concerned with the relation of 
the theory of infinite aggregates to the properties of matter, 
but rather with the underlying argument from which emerges 
the notion of an infinite aggregate as one which may be put in 
one-to-one correspondence with a part of itself. This is of great 

(35) Putting the matter somewhat differently, we may say that in the case of 
n-gons of perimeters p and P for the smaller and the larger, respectively, the 
path traced by the larger in a complete revolution (in Case II) would be 

P - (n - I) ( P ), the limit of which is p as n is increased indefinitely (i.e. 
the case of the circles). 

This content downloaded from 139.184.014.150 on July 10, 2018 15:53:30 PM
All use subject to University of Chicago Press Terms and Conditions (http://www.journals.uchicago.edu/t-and-c).



i86 I. E. DRABKIN 

importance in connection with the later development of mathe- 
matical theory. In refuting objections to his view that the points 
on a long line are not more numerous than those on a short line 
GALILEO gives analogous propositions in the field of number, 
e.g. that the whole series of integers has no more terms than the 
series of integral square numbers, or cubic numbers (which are 
only a part of the series of integers). This approach to the 
definition of an infinite aggregate is precisely that which was 
taken by CANTOR and his school. 

It may be noted in passing that GALILEO, like so many other 
mathematicians of the time, devoted considerable study to the 
cycloid. His letter of February 24, I 640 to CAVALIERI (Opere, 
XVIII, pp. I53-4) refers to this study. He did not succeed in 
finding the area under the curve, for the results of his experimental 
weighings did not seem to justify even a tentative conclusion 
that the area under an arch of the cycloid was three times that of 
the generating circle. 

But GALILEO did not fall into the error of ROBERVAL and others, 
the error of confusing the problem of the precise form of the 
cycloid, and the component motions involved, with the problem 
of continuity in the paradox of the Wheel. 

I have devoted considerable space to GALILEO's discussion of 
the problem of the Wheel because it seems to me that his discussion 
more than that of any of his predecessors goes to the heart of 
the difficulty. If this difficulty is not successfully solved, it 
certainly is exposed with masterly clarity. 

V 

GALILEO's Dialogues had been in the printer's hands for more 
than a year when they were finally published in the spring or 
summer of i638 (the dedicatory letter to the Count of NOAILLES 
is dated March 6). MERSENNE, as we have noted, had seen the 
manuscript or proof sheets of GALILEO's work and had asked 
DESCARTES and FERMAT their opinion on certain points. This 
request, in fact, reached them before the publication of the 
Dialogues. MERSENNE seems to have been particularly interested 
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in their opinion of GALILEO'S treatment of the problem of the 
Wheel (36). 

Sometime between July 27 (see Letter CXXXI, cEuvres de 
Descartes, ed. of C. ADAM and P. TANNERY, VOL. II, p. 27 1) and 
August 23 (see letter CXXXVIII, ibid., p. 336) DESCARTES received 
a copy of the work. In the famous letter of October i i 
(no. CXLVI) criticizing rather superficially certain aspects of the 
Dialogues, DESCARTES writes (op. cit., p. 384) : 

" P(age) 48. Il <i.e. GALILAE> fait considerer une ligne droite, 
descrite par le mouvement d'un cercle, pour prouver qu'elle est 
composee d'une infinite de poins actu, ce qui n'est qu'une imagina- 
tion toute pure." 

" P(age) 50. Tout ce qu'il dit de la rarefaction et condensation 
n'est qu'un sophisme; car le cercle ne laisse point de parties vuides 
entre ses poins, mais il se meut seulement plus lentement..." (37) 

MERSENNE's reply is, so far as I know, not extant but he seems 
to have made further inquiries about GALILEO's discussion of 
the passage from the Aristotelian Mechanica, for on November IS 
DESCARTES writes (letter CXLIX): 

" Ie n'ay point icy d'ARIsToTE, pour y voir la question que 
M. F(ERMAT) dit que GALIL1E n'a pas entendue, mais ie n'y trouve 
pas plus de difficulte qu'a' concevoir comment un homme, qui 
marche lentement, est une heure 'a faire le mesme chemin qu'il 
peut faire en demy-heure, lors qu'il va plus viste. Car les points 
qui sont proches du centre d'une roue ne font autre chose, sinon 
qu'ils decrivent des lignes courbes, qui sont plus courtes que 
celles que decrivent les points plus eloignez, et qu'ils se meuvent 
a proportion plus lentement" (op. cit., p. 436) (38). 

(36) The reference in MERSENNE'S letter of April or May, i 637 to FERMAT 
is probably to the " Dialogues " ((Euvres de Fermat, ed. of P. TANNERY and 
C. HENRY, vol. II, p. I12). I have adopted the dating suggested in (Euvres de 
Descartes, ed. of C. ADAM and P. TANNERY, vol. I, p. 36I. 

(37) See Letter CXLIX, quoted below. DESCARTES goes on to refer to his 
own theory of condensation and rarefaction. 

(38) I.e. the nearer a point is to the center of a wheel moving along the ground, 
the shorter the path it describes, let us say, in one complete revolution of the 
wheel. The translational component is in the case of all points the same, and 
the rotary component is smaller the nearer the point is to the center, where it 
is nil. This does not touch the problem of continuity involved, though it is 
quite true that this problem is not peculiar to the Wheel but underlies all discussions 
of motion. 
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We do not know the precise grounds upon which FERMAT 

declared that GALILEO had misunderstood the problem of the 
Wheel, for his letter to MERSENNE discussing the matter is not 
extant. On August IO, i638 in a postscript to a letter to MERSENNE, 
FERMAT writes: " En relisant une de vos Lettres, j'ai trouve 
que vous me demandiez ma pensee sur la question 25 des 
Mechaniques d'ARIsToTE. Si vous cherchez parmi vos papiers, 
vous trouverez que je vous l'ai envoyee, il y a longtemps (39), 
tout au long " (UEuvres de Fermat, ed. of P. TANNERY and C. HENRY, 
letter XXXIII, vol. II, p. i66). 

In i65 i, thirteen years after the publication of GALILEO's 

Dialogues on Two New Sciences, appeared the De Circulorum 
Volutionibus of the Belgian mathematician ANDR1 TACQUET (I6I2- 

I66o). The work was reprinted in TACQUET'S Opera Mathematica, 
Antwerp, I669 (40). The author states in the Introduction that 
he has been led to write the treatise because of his interest in 
the problem of ARISTOTLE's Wheel and his conviction that his 
predecessors, particularly ARISTOTLE-So he designates the author 
of the Mechanica-and GALILEO, have failed to solve the problem. 
He sets out to treat circular motion systematically through 
definitions, axioms, and theorems. 

He shows, geometrically, that the paths traversed on their 
respective tangents by rigidly connected concentric circles are 

(39) The letter referred to is not extant. The reference may be to the time 
when MERSENNE had first seen the manuscript or the proof sheets of GALILEO'S 

work, or possibly to an earlier time. See n. 2I, above. 
(40) In the preface Ad Lecto? em reference is made to certain theses by the Count 

of Hornes and Herlies. The reference is undoubtedly to theses on the subject 
of spherical and circular motion defended by Count PHILIP EUGENE in a public 
examination on January 31, i650 under the presidency of TAcQUET. The 
dissertation embodying these theses was published and is described by HENRI 

BOSMANS in " PASCAL et les premieres pages de l'Histoire de la Roulette," 
Archives de Philosophie I (I 923), pp. 280-300, and " ANDRE TACQUET et son traits 
d'Arithmetique theorique et pratique, " Isis IX (1927), pp. 66-82. The only 
copy know to BOSMANS is in the library of the College de la Compagnie de J6sus 
in Louvain. 

Of the nine theses in the dissertation the fourth, on the Wheel, is of interest 
here. The Count declares, with admirable judgment, that the solution of the 
paradox has not yet been found. He writes: " The solution of this problem 
which seemed remarkable to ARISTOTLE has thus far remained undiscovered, 
though ARISTOTLE himself, GALILEO, BIANCANI, and many others have pursued 
laborious investigations." 
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equal, and that, provided the rotary and translational motions 
are both continuous, there can be no sliding or slipping in the 
sense that a single point of a circle is ever in contact with a finite 
segment of the tangent, or a point of the tangent in contact with 
a finite segment of a circle. 

In the Scholium to Theorem I (p. 148) TACQUET sets forth the 
paradoxical elements in the whole problem. In addition to the 
difficulties indicated by his predecessors, he raises the problem 
of concentric cylinders (FIG. 8), each tangent to a material plane. 
What, he asks, determines the 
length of the path traced on the 
tangent planes in a single revo- 
lution of the cylinders? Is it 
the circumference of the smaller 

czz!ZID 
FIG. 8 

or of the larger or neither? Again, TACQUET in this connection 
refers to the case of a cone tangent to a material plane. Here we 
have an infinite number of concentric circles tangent to the plane. 

" These and many other difficulties which I shall touch on 
hereafter," he writes (p. 148), " show clearly that the revolution 
of circles involves one of nature's strange mysteries. The failure 
of my predecessors to solve this mystery is, I think, due to the 
fact that they did not consider the proportion <i.e. the ratio of 
the speeds> of the two component motions, translational and rotary, 
a proportion which may assume any value and may vary in- 
definitely." 

TACQUET dismisses ARISTOTLE'S discussion as of no value, and 
rejects GALILEO's notion of a line or an arc as consisting of an 
infinite number of indivisible points. Instead he sees the solution 
in a consideration of the relative speeds of the rotary and trans- 
lational components that make up the motion of the concentric 
circles. 

Thus he develops a theorem (Theorem III, p. 15') to the effect 
that the ratio of the path traced on the base line to the circumference 
of the circle is equal to the ratio of the speed of the translational 
motion to that of the rotary. Hence (Theorem IV) it will be 
possible to tell which one of an indefinite number of concentric 
circles traverses, in a single revolution, a path equal to its circum- 
ference. It follows (Theorem V) that those of the circles smaller 
than this one will traverse a path greater than their circumference, 
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whereas those larger than this one will traverse a path smaller 
than their circumference. 

Whether or not these theorems follow from TACQUET'S definition 
of rotary and translational motion, they do not attack the paradoxi- 
cal element in the problem. 

Theorem VI, which discusses " how it happens that an indefinite 
number of unequal concentric circles traverse an equal path in a 
single revolution," and Theorem VII, which discusses " how it 
happens that the line which is traversed by an indefinite number 
of concentric circles, all moved simultaneously in a single re- 
volution, can at times be larger, at other times smaller, and in 
fact can be any given length, " merely repeat the propositions 
about the ratio of the speed of the purely angular or rotary motion 
of a point on the circumference of a circle and the speed of the 
rectilinear motion of the center. The fact that this ratio may 
be made to vary indefinitely means that we may have an indefinite 
number of concentric circles traversing the same path in a single 
revolution, and, again, that the length of this path may vary 
indefinitely. 

In this connection we may refer briefly to TACQUET's analysis 
of the cases of the cone and the cylinder. The case of the infinite 
circular sections parallel to the base of a right circular cone, 
as the cone is so moved along the tangent plane that the axis 
is always parallel to its former positions, is essentially the same 
as the case of concentric circles, and the paths traversed are all 
equal. When the vertex of the cone is stationary the paths 
traversed by the circles are themselves circular and unequal, 
depending on their distance from the vertex. This, in fact, is the 
more natural motion of the cone on the tangent plane, the other 
requiring the application of a continuing external force. Similarly, 
in the case of the cylinders (FIG. 8), the ratio of the speed of the 
translational motion of the center to the speed of the purely 
angular or rotary motion of a point on the surface of the smaller 
or larger may vary indefinitely. It is to be noted that TACQUET'S 

avoidance of methods using ' indivisibles ' and ' infinitesimal 
elements' is in line with his distrust of these methods from the 
point of view of rigor (41). 

(41) See HENRI BOSMANS, " La Notion des 'Indivisibles ' chez BLAISE PASCAL," 
Archivio di Storia delta Scienza IV (1923), P. 376. 
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The relative speed of the rotary and translational motion is 
also the first consideration in ROBERT BOYLE'S discussion of the 
problem of the Wheel, though the precise line of argument differs 
from that of TACQUET. The occasion of BOYLE's discussion was, 
as with GALILEO and others, the question of the condensation 
and rarefaction of bodies, a question widely debated at the time 
by so-called Vacuists, Plenists, and those representing other 
shades of opinion. 

BOYLE had in i66o published his New Experiments Physico- 
Mechanical Touching the Spring of the Air describing experiments 
conducted with his new air pump. His inferences on air pressure 
were attacked in FRANCISCUS LINUS' Tractatus de Corporum 
Inseparabilitate. LINUS or LINE (1595-i657)-the name seems 
to have been a pseudonym of the Jesuit scientist and mathematician, 
FRANCIS HALL-in setting forth his own theory of condensation 
and rarefaction had used ARISTOTLE'S Wheel in support of that 
theory, and had sought to explain the paradox on the basis of a 
type of ' indivisible ' of apparently variable size. LINUS' tract 
was answered by BOYLE in i662 in A Defence of the Doctrine 
Touching the Spring and Weight of the Air. In an Appendix 
entitled An Explication of the Rota Aristotelica BOYLE criticizes 
LINUS' explanation of the Wheel and gives his own (The Works 
of Robert Boyle, ed. T. BIRCH, zd ed., London, 1772, vol. I, 
pp. i82-i85). Against LINUS' assumption of indivisibles of time 
and space as well as of matter BOYLE advances arguments that 
are as old as ZENO'S paradox of the Stadium. 

There are special strictures against the notion of the variability 
of the size of the ' indivisibles.' Thus BOYLE writes (op. cit., 
p.i 83) 

"As for his last chapter, where he applies these principles 
to the explication of the Rota Aristotelica, I have not here time 
to set down all the absurdities, that any one that has but a smattering 
in the mathematics may observe: as, sometimes half an indivisible 
part of a circumference may touch an indivisible of a line, some- 
times one may touch half, a quarter, a hundredth part, a whole 
one, two, ten, a hundred, &c. at the same instant; nay, an 
indivisible of a circle may be all of it in a thousand places together, 
and the like..." 

Not having been able to examine LINUS' tract, I cannot judge 
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the aptness of BOYLE'S arguments. But it may be noted that BOYLE'S 

own explanation of the problem of the Wheel seems to use a type 
of infinitesimal element. It is also interesting to note that the 
various types of explanation by infinitesimals and indivisibles, 
which had been making great progress in mathematics, were being 
applied to physics even by Aristotelians like LINUS. 

BOYLE's explanation depends, as we have said, on the relative 
speed of the components of the motion of each point on the 
circles (42). Thus in Case I while C (FIG. 2: AE is assumed 
equal to EI) has two units of motion in the direction of MK, 
one due to its translational the other to its circular component, 
A has no motion, its unit of motion towards MK due to the 
translational component being exactly canceled by its unit of 
motion away from MK due to the circular component. And E 
has half a unit of motion toward MK, its motion in the opposite 
direction (due to the circular component) being only half as 
swift as that of A and thus canceling only half the motion due 
to the translational component. In comparing the motions of A 
and E BOYLE holds that while A touches AK at one point and 
does not move along it, E moves along EN, describing a small 
path, and the same is true of all points as they reach the positions 
A and E, respectively. It is in this way that the smaller circle 
traverses a path longer than its circumference. He writes (p. i84): 
" Now both the contact of the former <A>, and the contact and 
progression of the latter <E>, being performed by an infinite succession 
of points in the space of an infinite succession of instants; I see not 
any one difficulty of this problem, but may satisfactorily be given 
an account of by it, without having recourse to the hypothesis 
of the determinate number of indivisibles of space and time..." (43) 

In the ' passage to the limit ' involved in the use of ' infinite ' 

(42) The translational component is constant for all points, the rotary varies 
with the position of a point. Cf. n. 27. But while GUEVARA had discussed finite 
rotations, BOYLE proceeds to investigate the velocities and directions of given 
points in what is essentially an infinitesimal rotation of the circles. 

(43) There are some curious errors in BOYLE's account which, however, do 
not affect the method or result. He speaks, for example, of F (FIG. 2) as having 
a speed of iB units to the right (one unit for the translational, W unit for the rotary 
motion). Actually, since the rotary motion is directed not horizontally but 
downward at F, the resultant motion is at a speed of IL units and at an angle 
of about- 26034' from the horizontal. 
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in the phrase I have italicized, what happens to the finite path 
described by E? BOYLE did not attack this difficulty, which, 
in the view at least of one school, remained an obstacle also to 
subsequent attempts to investigate this and related matters on 
the basis of infinitesimals (44). 

VI 

Such an investigation of the problem of ARISTOTLE'S Wheel 
was made by the French physicist and meteorologist JEAN- 

JACQUES DORTOUS DE MAIRAN (1678-1771). A summary of his 
results appears in the Histoire de l'Acadimie Royale des Sciences 
for 1715, PP. 30-35 (first published at Paris, 1718). He has also 
left a rather detailed account of his activity in connection with 
this problem (45). MAIRAN was disappointed by TACQUET'S 

discussion no less than by GALILEO'S. Both TACQUET and GALILEO 

deny that there is any sliding in the sense that a given point of 
an arc (e.g. of the smaller circle in Case I) is ever in contact with 
a finite segment of the base line. MAIRAN insists there is ' sliding ' 
(rasion is the word he uses) in a sense, however, which, by a 
definition, prejudges the whole question at issue. He seems to 
hold that the ultimate parts of the circumference and of the base 

(44) There is also a reference to the Wheel in BOYLE's Discourse ot Things 
above Reason, vol. IV, p. 413 of the edition of 1772 (the Discourse was first 
published in i 68i). Timotheus had given ARISTOTLE'S Wheel as an instance 
of a commonplace thing which can perplex great minds while it is passed un- 
noticed by the generality of people. Sophronius answers: " Your instance, 
Timotheus, must be acknowledged a very pregnant one, if you are certain, that a 
better account cannot be given of the Rota Aristotelica, than is wont to be in 
the schools, by those peripateticks, that either frankly confess the difficulties 
to be insoluble, or less ingenuously pretend to give solutions of them, that 
suppose things not to be proved, or perhaps so much as understood (as rarefaction 
and condensation strictly so called,) or lose the question and perhaps themselves, 
by running up the dispute into that most obscure and perplexing controversy 
de compositione continui." But this is the very controversy that is ultimately 
involved. 

(45) Lettres au R. P. Parrenin, Jisuite, Missionnaire a Pdkin; contenant diverses 
questions sur la Chine. Nouvelle edition, revue, corrigee et augmentee de divers 
opuscules sur differentes matieres. Par M. DORTOUS DE MAIRAN. Paris, 1770. 
PP. 351-368: Extraits de lettres et de l'histoire de l'Academie Royale des Sciences, 
annie 1715, sur la Roue d'ARISTOTE. The first edition, Paris, 1759, does not 
contain the material on ARISTOTLE'S Wheel. I have not seen the edition of 1782. 

I3 
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line are not dimensionless points but a type of infinitesimal 
segment, and that the infinitesimals making up the arc have a 
definite ratio to those making up the line. If at every infinitesimal 
moment each infinitesimal element of the arc of the smaller circle 
(in Case I) is in contact with a longer infinitesimal element of the 
base line, there is, in that sense, a ' sliding.' (The objection, 
apparently, is to GALILEO'S idea of the circle as consisting of an 
actualized infinity of dimensionless points.) The precise ratio 
of the infinitesimal elements of arc and base line and, consequently, 
the amount of sliding depend, according to MAIRAN, on the ratio 
of the two component motions, translational and rotary, a ratio 
which, as TACQUET had indicated, may assume any value. Both 
components enter into the motion at all times. (i) The trans- 
lational is equal to the rotary motion when the infinitesimal element 
of the arc (i.e. the ' side ' of the circle) is equal to the infinitesimal 
element of the base line; (2) the translational is greater than the 
rotary motion when the infinitesimal element of the arc is smaller 
than that of the base line; (3) the translational is smaller than the 
rotary motion when the infinitesimal element of the arc is greater 
than that of the base line (46). 

What, then, of ' sliding'? We are told "En ce cas <(2), just 
above> le cote du Cercle ne peut s'appliquer sur une partie plus 
grande de la base sans glisser le long de cette partie et glisser 
plus ou moins selon qu'elle sera plus grande que lui. Cela 
s appelle aussi la raser. Donc cette rasion est absolument neces- 
saire dans le cas du mouvement droit plus grand que le circulaire, 
au lieu qu'elle n'entre point dans le cas de l'egalite des deux 
mouvements. C'est le seul mouvement circulaire qui fait l'appli- 
cation du cote du cercle sur la partie de la base, et c'est l'exces 
du mouvement droit sur le circulaire qui joint la rasion 'a cette 
application." (Histoire de l'Academie Royale des Sciences, 1715, 
P- 33). 

Now it is immediately clear that MAIRAN'S theory, though it 
introduces an infinitesimal element, is not essentially different 
from TACQUET'S. There is a difference in the definition of the 
ratio of the component motions. TACQUET makes this ratio 

(46) Precisely what is meant by " an infinitesimal element " is left unclear. 
A rigorous theory of limits had not yet had its clarifying effect on mathematical 
thinking. 
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depend on the relative speed of the motions as determined by 
the path traced out on the base line in a single revolution of the 
concentric circles; MAIRAN makes the ratio depend, in the first 
instance, on the ratio of the infinitesimal elements of arc and base 
line. But since the ratio of these infinitesimal elements depends, 
for MAIRAN, on the ratio of the whole circumference to the path 
traced out on the base line, the approach is not essentially different 
from that of TACQUET. This is clear from the discussion of the 
motion of a carriage wheel in the summary published by the 
Academie (p. 34): 

" La Roue d'un Carosse n'est tiree qu'en ligne droite, et elle 
ne prend un mouvement circulaire ou de rotation que par la 
resistance du terrain sur lequel elle s'applique; or cette resistance 
est 6gale 'a la force dont la Roue est tiree en ligne droite, et par 
consequent les causes des deux mouvements, l'un droit, 1'autre 
circulaire, sont egales et les effets ou les mouvements egaux, 
et la Roue decrit sur le terrain une base droite egale a sa circon- 
ference. Pour le Moyeu de la Roiie, c'est autre chose; il est 
tire en ligne droite par la meme force que la Roue, mais il ne 
tourne que parce que la Roue tourne, et ne peut tourner qu'avec 
elle et en meme temps, d'oui il suit que sa vitesse circulaire est 
plus petite que celle de la Roue, selon le rapport de leurs circon- 
ferences. Donc son mouvement circulaire est plus petit que le 
droit, et puisqu'il decrit necessairement une base droite egale a 
celle de la Roue, il ne la peut decrire qu'avec rasion, ce qui la rend 
plus grande que sa circonference." 

Now the question whether there is 'sliding' is, as we have 
seen, a matter of definition. MAIRAN's definition, which is 
generally accepted, in its essence declares that there is sliding 
whenever the path traced by a rolling circle in one revolution is 
not equal to the circumference of the circle. But in my opinion 
this definition does not, by itself, constitute an answer to the 
paradox. 

My view, in other words, is in sharp disagreement with a view 
frequently encountered, which has been expressed as follows: 

" On sait aussi que le paradoxe <de la roue> est aujourd'hui 
parfaitement explique, car il reposait tout entier sur des equivoques. 
Pour les dissiper, il suffisait de definir mathematiquement la notion 
de la longueur d'une ligne, ainsi que celles de roulement et de 
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glissement..." (HENRI BOSMANS, C ANDRi TACQUET et son traite 
d'Arithmetique theorique et pratique," Isis IX [1927], p. 68) (47). 

Neither MAIRAN nor TACQUET succeeds, in my opinion, in 
handling the basic problems of continuity that are involved. 
It is only in his insistence on infinitesimal elements different from 
the dimensionless points of GALILEO, that MAIRAN attempts to 
meet the issue, and along lines which were employed for analogous 
problems from the earliest stages of Greek mathematics. Ultimately 
the problem is the same as those which gave rise to the battles 
waged in the seventeenth and eighteenth centuries and thereafter 
on the logical foundations of the calculus. With the development, 
however, of a rigorous theory of limits, the infinitesimal, 
in the form in which the mathematicians of the seventeenth and 
eighteenth centuries employed it, has ceased to play a part in 
mathematical analysis. 

Whether justifiably or not, MAIRAN's accomplishment was 
heralded by the Academie des Sciences. The author had first 
submitted his long dissertation on the subject to several geometers 
of the Royal Society of Montpellier, then to Pere NICOLAS, author 
of mathematical tracts, and formerly Rector of the college of 
MAIRAN's native city, Beziers, and to Pere DERAND, Professor of 
Mathematics at Toulouse. He had received no encouragement. 
The answer had almost invariably been "m Rota Aristotelis magis 
torquet quo magis torquetur." (48) Finally (49) he sent to the 
Academie des Sciences his dissertation which was laden, as he 
tells us, with theorems, lemmas, corollaries, scholia, figures of 
circles, polygons, roulettes, cycloids, and epicycloids of all kinds. 
The covering letter dated Beziers, April 30, I715 and addressed 
to the Secretary of the Academy, the famous BERNARD LE BOVIER 

(47) See also the same author's " PASCAL et les premieres pages de 1'Histoire 
de la Roulette," Archives de Philosophie I (1923), p. 282. Cf. nn. 7 and 8, above. 

(48) This expression seems to have been proverbial in scholastic circles. 
(49) If NICOLAS died in 1708 (as the Grand Dictionnaire Universel du XIXe siecle 

[LARoussE] indicates) MAIRAN had been concerned with the problem of the Wheel 
for many years before submitting his results to the Academie. In his letter to 
FONTENELLE MAIRAN says that NICOLAS had planned to discuss the problem in 
a book he was preparing for publication. His death prevented publication. 
NICOLAS was not favorably disposed to MAIRAN's analysis. The same is true 
of DARAND who, incidentally, was NICOLAS' literary executor. 
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DE FONTENELLE (I657-I757) (50), speaks of the unfavorable 
reception accorded his theory by others and asks that the Academie 
judge the matter. The concluding words of his letter, " il n'y a 
plus qu'un arret de ce tribunal qui puisse me convaincre d'erreur, 
ou me remettre dans la paisible possession de la verite," reveal a 
stronger faith than should, perhaps, be reposed in any human 
institution. 

FONTENELLE replies to MAIRAN on July 9, I715 that the dis- 
sertation has been submitted for examination to M. le Chevalier 
DE LOUVILLE and M. SAULMON (5 i). These referees are in com- 
plete agreement with the author-" tous deux se sont declares 
absolument pour votre sentiment, et ont trouve vos demonstrations 
exactes et convaincantes." 

The account printed in the Histoire de l'Acadbmie des Sciences 
for I715 is a summary by FONTENELLE of the dissertation which, 
so far as I know, was never published in complete form. FONTE- 

NELLE 's enthusiastic approval of MAIRAN'S work finds abundant 
expression at the conclusion of this summary. " Voila donc, 
a ce qu'il paroit, une fausse merveille absolument dissipee, et 
M. D'ORTOUS DE MEYRAN a bien demele une verite, qui non- 
seulement etoit cachee par elle-meme, mais "a laquelle de puissants 
prejuges sembloient deffendre qu'on aspirat. On ne doit ni 
s'assurer aisement de voir ce que les plus grands Hommes n'ont 
pas veu, ni en desesperer entierement." (52) 

Little is heard of the problem of ARISTOTLE'S Wheel in the 
ensuing years, though the activities of mathematicians in clarifying 
their ideas of the continuum naturally had reference to problems 
of this very type. But the more striking paradoxes of ZENO 
were usually taken as a point of departure for these discussions. 
It may be noted, however, that BERNARD BOLZANO, whose views 

(50) It is interesting to note, in passing, that it was MAIRAN who in 1740 
succeeded FONTENELLE in this office after the latter had served for 42 years. 

(51) JAcQUES-EUGENE D'ALLONVILLE, chevalier DE LOUVILLE (I671-1732), a 
soldier and scientist, had entered the Academy in 1714. SAULMON (d. 1725) 
had entered in 1706. 

(52) Cf. the laudatory language used a century later by VAN CAPELLE in his 
edition of the Aristotelian Mechanica (Amsterdam, i8I2), p. 263: ad postremum 
vero Doctissimus de MAIRAN dispulsis omnibus nebulis rem in splendidissima 
luce posuit... 
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deeply influenced the Cantorian school, refers, in his classic 
Paradoxien des Unendlichen (53) to the proof of the one-to-one 
correspondence of the points on similar concentric arcs by the 
drawing of radii, and remarks that the paradox of the concentric 
circles goes back to ARISTOTLE. 

My notes have indicated, however incompletely, how wide- 
spread was the intellectual activity evoked through the centuries 
by the problem of the Wheel. That the problem no longer looms as 
large as it once did in the writings of philosophers and mathe- 
maticians is due not to any general agreement as to its solution 
but rather to the fact that the inquiries into the basic questions 
involved are now usually conducted on more general grounds. 
It is my hope that the publication of these historical notes may 
lead others to fill the gaps in my account. 

College of the City of New York ISRAEL E. DRABKIN. 

September, I939. 

(53) See ? 42. This work was first published posthumously in 1851 and often 
reprinted subsequently. Cf. also GUEVARA, Op. Cit., p. 217. 
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